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USE OF AN AVERAGING METHOD IN COMPUTING A PLATE
REINFORCED WITH A STRINGER™

V.V. LOBODA

A three-dimensional problem of the theory of elasticity is considered for a half-
layer reinforced with a stringer and end-loaded with a symmetric load. The averag-
ing approach is used, together with the method of asymptotic integration. It is
shown that the state of stress in the structure can be separated into an averaged
state described by two-dimensional equations for a reinforced plate, and a supple-
mentary state governed by three-dimensional effects within the region of the rib.
The distribution of the contact stress across the stringer width is obtained, and
the character of the stress state near the zone of contact studied. It is shown that the
supplementary stresses are of the same order as the shear stress of the averaged
state.

1. In solving the reinforced plates and shells, the influence of the ribs is accounted
for, as a rule, by inserting additional terms into the equations of equilibrium, the terms con-
taining the distribution functions of the contact stresses across the width of the region of
contact /1/. However, when solving the practical problems, we either assume that the distri-
bution is uniform, or that the rib and the casing interact with each other along a line. The
approximation proposed relates to the fact that the contact stress distribution is not known
and can only be determined by considering the rib and the casing with the framework of the three-
dimensional theory of elasticity, which presents appreciable difficulties.

We consider an isotropic half-layer reinforced by a stringer (Fig.l). A load periodicin

r, and symmetric about the g;-axis,with
zero moment about the neutral plane, is

5 applied at the end z;, = 0. The half-wave
/ length nl of the load is much larger than
z // the plate thickness 2k andthe transverse
3 g dimensions 2b and d of the stringer.
28 / Taking into account the character of the
di / Ty lcad, we can assume that the only stresses
! 4/ appearing between the plate and the rib
2b are longitudinal contact stresses ¢ (z;, T»)
directed along the z;-axis. Then the
Fig.1l problem can be described by the following
system of equations:
Ly (™) + 8 (zs — 1) Hy (z2) ¢y (31, 7) = 0, Ly (u") =0 (1.1)
Ly (F) — 8 (x5 — 1) ¢y (z1, 2) = 0, Ly (u") = 0 (1.2)
ut = {u’l"v u2"1 uﬂn}7 u = {ulnv u’?.p# u3p}
Li) =+ 1) 5o (o + 5o+ )+ wbe,

Hi(xs)=H (x2 +b)— H(z:—b)

Here L; (u) are the Lamé operators, u"” and u” are the plate and rib displacement vectors, 8 (z3),
H (z,) are the generalized Dirac and Heaviside functions, respectively, A and p are the elastic
Lamé constants and the indices i k, j assume, for now on, the values of 1,2,3; 2,3 and 1,2
respectively. The boundary conditions at the rib edges and the plate foundations are homogen-
eous.
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Averaging method in computing a plate 651

To solve the problem we employ the concept of averaging, and thus obtain the intiial ap-
proximation using the averaged relationships. To formulate the averaged problem for a plate
we assume that ¢ (%1, ;) acts in a concentrated manner along the mean line of contact, that the
stress Oz" = 0, and integrate (1.1) across the thickness. This, together with the conditions
at the planes z3 = 3k, yields

Loy (o ) + 250 1 (2) =0, Lo (uih u3) =0 (1.3)
h 13

u?* (21, @) =Tlh‘ 5 uj (T, T, ) dzg,  qul@) = \ @ (21, Zp) dxy (1.4)
h —b

where L;, and L,, are the Lamé operators in the case of a generalized plane state of stress.
Assuming that 0" = 03" = 0, intergrating (1.2) over the area of transverse cross section

of the stringer F, and taking into account the conditions at the side edges, we obtain the

following averaged expression for the rib:

ﬁzuf 1

Ty — Rl =0, uh(e)= ?SFS W (21, 2o, 25) AF (1.5)

EF

Assuming that the displacements of the plate and rib coincide along the 1line of contact
(U1 (7)) = uyy" (7, 0)) we obtain, from (1.3) and (1.5),

3,7

EF .. | Ou 1.6
Lie (180 0 + 5o 8 (@2) e =0, Loy (uf, nf) = 0 (1-6)

The boundary conditions for (1.6) are obtained by integrating, with respect to 2;, the bound-
ary conditions specified at the end r, =0, The problem formulated in this manner represents

a problem of generalized plane stress state for a reinforced plate. From the conditions
O33x” = 0 and 0y," = 033,° = 0 we obtain (v is the Poisson's ratio)
au? du®,
n p 1% P . 5 1%
Uge = — T3P,  Upe = — VI3 7, 0 U=V -+ #h) .
au® aul
_ i 2%
v= oz, + dz, ’ =1

and the displacements of the stringer and plate coincide on the line I, =0, z, =

2, Let us adopt the values u;," as the initial approximation to the solution of the system
(1.1), and " (1) = w4 (21, 0), uyy®, us,” as the initial approximation to the solution of the
system (1.2), and write the solutions sought in the form

=tV w =, AW V=V W, V), W= (W, W, W) (2.1)

where V and W are the additional plate and rib displacement vectors respectively. Substitut-

ing (2.1) into (l.1l), (1.2) and into the boundary conditions at the plate foundations and rib
edge, we obtain

8 (xy) ~
Li(V)=up Z:.pl 8 (23— R) Hy (25) g1 (21, Xa) -+ -—2(:2—)(]1 (Z1) (2.2)
& 2 :
Ly (V)=up ‘7—:72 » Ly (V) =upzdry; A= %1_‘ d—‘:_—
G52 (V) b =0, 0 (V) form st = -k 22
7
a2uP =
Ly (W)= 29 ot — 250 4 8 a3 — ) s (o1, 20 (2.3)

0311,?*
Ly (W) == pvzy e

PuP
012 (W) |e.m g5 = - Vb T:: s 022 (W) Jm10 =023 (W) k=3 =10

d3uf* 6'-'uf*
T13 (W) Jx.:h = V}Lh le s O13 (W) fx,: htd = Vib (h + d) 9z,

033 (W) [xy=h, hea = 023 (W) |xy=r, hea =0
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The boundary value problems (2.2) and (2.3) formulated here appear not to be simpler than the
initial problems. They have however the advantage that the variables V and W sought, as well
as the corresponding stresses, can be written in the form of two terms each of which varies
rapidly either with respect to the coordinates z, and &3, or with respect to 3 only (the
first term for the plate). This enables us to apply, with success, the asymptotic methods to
the study of the additional state of stress.

We seek the solution of the system (2.2) in the form of a sum of solutions of the systems
(2.4) and (2.5):

Ly(VP)=up :—;g o Ly (V) = xpasAg g (2.4)
7

& (xy) -
LoV =20 5 ) — b (m— Wy (@) qa (e, 70), Ly (V) =0 (2.5)

A particular solution of the system (2.4) satisfying the boundary conditions of (2.2) is ob-
tained by the asymptotic method using the stretching of the coordinate z3; /2/, and has the
form

Ay % LA ;
it :T(132“T)%’ v —o (2.6)
/ 7

This solution satisfies the system (2.4) with the accuracy of up to the terms ~v%, compared
with 1, and the boundary conditions of (2.2) with the accuracy of v%,® (g, is a small parameter
equal to A/D.

To find the solution of the system (2.5) satisfying the homogeneous boundary conditions
at the foundations, we make use of the fact that the right-hand part of the system (2.5) can
be regarded as a mass force which is self-equilibrated in the region |z; [ < h, |z, | < b for every
Iy

S S [6512) ‘71(11)—6(13—h)H1(z9)q1(1’1,12)]dxidxsao

—h—b

This means that in accordance with the Saint-Venant principle, the corresponding stress state

will be rapidly attenuated with increasing distance from the region of contact, i.e. it will

vary rapidly in z; and z,. Therefore we introduce the change of coordinates 1, = &%, z3 =
e,73; and write the unknown variables in the form

VP = 3 Viged" (2.7
n=0
Substituting these into the system (2.5) and the homogeneous boundary conditions at the found-
ations, and collecting together the terms accompanying like powers of &, we obtain

ar av av |

L 8 an-t an-1 “tno ) (2.8)
—_— () 7 2 g L 2y .
p‘( S + 75t | *+w 2N ( 01, 9z, ' or )
T O (xs) =
W [o0 [ 2SR =By - @], n=0
W=7z
o v 0, n#0
5V1n . 6[73114
07y |x=th 0%y |xe=th
4 aV"n dV'm A dzl;)m B-’i"m (2.9)
2 : L2 I () g .
(*+w iz, ( FEa T , : P’( G52 T Tomg )
a% @
_ Y L S kn-2
(A +w 02,0Z, o dxy?
av av, oy,
(1— ) +v—m =yl ,
Z3 0%y |xs=+h X1 lx=%h
av av
2n 3n —0
923 + 0Z; jxs=+h

where n=0,1,2...; and Vi, are zero when n< 0. We see that the three-dimensional problem has
decomposed into a sequence of two-dimensional boundary value problems (2.8), (2.9) for the half-

strip [z3 | <h, |2 | < oo,
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In the zero approximation (rn = 0) the boundary value problem (2.9) yields the trivial solu-
tion (Vg = Vg = 0), and (2.8) has the form

a2V A g2 [ O(xy) -

il e aUELCRU T 210
v

37y |y =0 V10fsoze— 0

The solution of the boundary value problem (2.10) is obtained with the help of the integral
Fourier transforms /3/ with infinite (in 7, ) and finite (in r; ) 1limits, in the form (basic
coordinates are used for convenience)

Ed

b
pe 1 chpyzs ) q 2
)~VL°—2TM x l:—p—sh%_ \ q1(%1; X2) €OS P2 dxs — 412}(;:) ]cos prodp, p=-- (2.11)

The subsequent approximations V;? can be obtained without any fundamental difficulties. It
should be noted that the solution (2.11) fails in the region |[& |<h, [2,1<<bh, 2, <2k  where
the state of stress varies at the same rate in all three coordinates.

The additional solution for the rib, as well as for the plate, consists of a particular
solution of the first type

2 a2
W= (ot = 258 2 o (2.12)

intended for the compensation of discrepancies in the boundary conditions in (2.3), and the
solution of the system

LW =—28) | sy hyg(o,z),  LW?)=0 (2.13)

with homogeneous boundary conditions at the side edges. To obtain the latter, we take into ac-
count the fact that for every =z,

(O[22 — 6 (@0 — k)1, 20| aF =0

perform the change of coordinates z, = &,7,*, T3 = &,73* and write the solution in the form

WP = Z Wimea™ (sz = max {i , i})
m=0

l [}

As a result, we obtain a recurrent process analogous to (2.8) and (2.9). The principal compon-
ent W® is found from the following boundary value problem:

asz FWye €2 | &

5+ ozd*zz—T[T-a(xa—h)‘h:}
6Wm _ oWy _
Ozg% |mr=tble: ! Oxg* |x=hfe., (d+h)e:

the solution of which is obtained using Fourier transform with finite limits /3/. The solution
has the form

@ 1y d@(s) [(z— k) s .
W a=Wiyo=— lbp,l [(Iqwz) (Iq ) + ] .10
o z3—h
¥ chaun (B2 1)
T t sh ot ) 01 (1, ) COS—(12+b)X
r=1 A
dz, COS —— (12_}_1,) a___%

It should be noted that the additional solutions (2.6), (2.11) and (2.12), (2.14) obtained con-
tribute towards the boundary conditions at the end face only the self-equilibrating errors, and
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their validity in the integral sense is not therefore affected. The boundary conditions at
the end face can be satisfied exactly by constructing a state of stress of the boundary layer
type /2,4/.

3. The results obtained show that when a load of the type shown is applied, longitudinal
displacements " and u,” prevail in the region of contact, and the transverse displacements
are of higher order of smallness. For this reason we determine the unknown contact stress
¢, (T;, ;) by writing the conditions of equality of the longitudinal displacements of the half-
layer and rib at every point of the area of contact, as

U™ (21, X5) + Vi@ (20, 12, B) = w37 (2) + WP (2, 2., h) (3.1)

The relation (3.1) must hold for every z; and |z: | < & and the average displacement of the rib
U’ (x) = u," (1, 0) does not vary across the strip width. The displacements V,®® and W, in
(3.1) are not taken into account, since they are of second order of smallness compared with the
terms given. Substituting into (3.1) the expressions for V,® (2.11) and W® (2.14), we ob-
tain the following integral equation:

P b

S Cth% S qi (T3, Z3) €08 px; dry COS pTL dp + (3.2)

—oc —b

COS pxy
o dp

= ‘ B o
Z <t am q1 (#1, 2,) €08 —— (xz -+ b)dz, cos -—2-3- (T2 +b) =@ (X1, ) + 2(;‘) g
t=1 b —lao

@ (1, o) = 27 [ugy (21, £2) — Uiy (x1, 0)] + aﬁd , —b b

(z, appears in the equation as a parameter).
To solve (3.2) we write the unknown contact stress in the form

g1 (1, T2) = ay .’E1)+ Zam 1) cos mZI’ (3.3)

=1

Here only the even harmonics are retained, since in this case the function g (z;, z,) is even in
I, . Substituting (3.3) into (3.2) we obtain

P - g ¢ cos px 3.4
220 § 222 cth pyrdp + Y, 0 | frn(aa) -+ prvc0s - (324 0) | — 9 (@, z)— D | S dp—0 (3-4)
—o m=1 —_—0
fm (@2) = — ™ \ cth pyn ——— pb = €0S pxy dp
pm=2b% cth 2ammn; émzm—;

In order to calculate 4o, a,,... , we shall require that the right-hand side of the relation
(3.4) be orthogonal, on the interval |z, |<(b, to the complete system of functions co0s (nrx b1y
(n=0,1,2..)/5/. Multiplying the left and right part of (3.4) by each function and integrating
over the limits shown, we obtain

chma;n:[)l), Zgnmam+ '!%bz:'c‘“h (zann)anxl)n (3.5)
m=( m=0

¢ b
goo=4 \ Yo(PYep, %o (p) = 2B cth pym
m ¢ sin? pb h d
Gom =gmo = —4(—1) \ m“ pynap
. m

Epm == 4 (— 1)m+n \ (T%—sbfl‘%:p—,)cthpyndp (m=1,2,..)
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<in pb
Do=\ plz)da + 1EL \Xl(P)dP1 n(p) =5

b
Dn S q)(lz) cos blz dx«z (n = 1, 2, ‘e .)

The system (3,5) representes an infinite system of eguations for e, 25 ... . The functions
%o (p) and %, (p) appearing under the integral sign in the formulas for ge and [J, have second
order power singularities when p —0. From this it follows that the system (3.5) has a solu-
tion, if

i)i_‘}; [GOXO (P) QO (ﬁ)hh (0) } =0
and hence @, = {; (%) / (2b). The last result fully agrees with the second relation of (1.4) and
underlines the absence of contradictions in the approach used. It should be noted that the
left-hand part of the system (3.5) does not depend on the type of the external load. Moreover,
as the numerical analysis indicates, the system (3.5} is regular /5/ and can therefore be
easily solved by truncation method.

4. We consider, as an example, a reinforced half-layer (Fig.l) with the following bound-
ary conditions given at its end face:

ER
o= Ef (m)cos 7= uy=uy=0 for z =0 (4.1)

In this case the averaged boundary conditions for (1.6) have the form

A
Z3 1
0 =0, sup=EQcos5, un=0 (Q:EFS”’“"""‘S) (4.2)
—h

Taking into account the fact that the load (4.2) 1is symmetric in ,, we can formulate the
boundary value problem {1.6), (4.2) as a plane problem for a plane quadrant, writing the bound~
ary conditions at ;=0 in the form of conditions for a reinforced edge

2,0
ot wty g on o BF P
Je Ve Yo Y Suae T T G20 e

=0, ulylyq=0 (4.3)

To solve the boundary value problem (4.2), (4.3}, we apply infinite sine and cosine
Fourier transforms in z; to the equations and boundary conditions (4.3). As a result, we ob-
tain the following system of ordinary differential equations in terms of the transforms

1 (p, 7.) = \ ufy, (1, 2,) cos pE, dp

& (p i *(xl. z,) sin pE, dp 5]. =.rj/l)

)
]

with the corresponding boundary conditions. Solving this system and returning to the original
variables, we obtain

~

2 A B (1+v) 3
“’é;:"‘?ST(P)(&z-T) exp {— pg;) cos pE, dp ”'QL‘”_'TEI:_-'%"‘:{;X"exp (— 1) cos Ey 4.9

0
Uy - T (p) Eg0xp (— pEy) sin p5, dp — L2

% = 2 PEy) sim pg, dp — =5 1_~v Erexp(—&jsink,

0
afi? (1 v) p? - 2 EF
{»)

(1~v)(1+x+a,m(1+p2>= *M T

Bi=(i—wQl Ao S

The averaged contact force of interaction between the stringer and the plate is
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Oul (z,, 0) ; T
~ 1 (%10 2EFB (1 + A
4 (x) EF az,? - gl‘nlg ) ST(P) cos pg, dp (4.5)
0
Substituting the averaged values obtained into the right-hand side of the system (3.5) and
solving it with help of the method indicated, yields the coefficients ay a,, ....
The results obtained were computed numerically for the following initial values of the
parameters:
d=1, b= =05 =10, F—=10% v =0.3, Q 10-2
The number of equations in the system (3.5) was varied, with the results however remaining

stable and practically unchanged
coefficients of the expansion (3.

504, a, = 6.99,
(4.4)

g == gy - a4y — 56.9, a -

Formulas together with the

state, yield analytic expressions for the averaged stresses 04, Ojagr Ope-
analysis it follows that the basic stresses of the additional state are
V,®, w,® by the formulas

They are expressed in terms of

M Al
12 =R,

Figs.2 and 3 show the results of
Y2 .

612 R '*)r”i":]
200 ——7 .
o e 4 =
0z T
-200 1 X —
-1000 T\//
~1200 [e
~= /J
- 1409 e ==
Fig.2

by increasing the number of equations. The values of the first
3) were as follows:

_31.9, a, = 22.6, a; = —47.7, a, = 14.5, a; = —12.4, a, ~ 10.8, 8, —9.54.
relations of the Hooke's Law for the generalized plane stress
From the asymptotic

012", 0,578, 0y,P8, 0,,P8.

V1

W1
oz, ?

dzg

ng
13

y ol =p

y
s )

s Wi
» 13 = N

B

numerical computations for the stresses o, and oy for =, =

The dashed line corresponds to the averaged stress op,* and the solid line to the addit-

ional stresses., Curve I is con-
structed for r; =10, 2 for z; = 0.3,
3 for z3;=0.5, and 4 for zs = 1.
The shearing stress 033" |, .
01378 |pps (Curve 3, [z3|<<b) co-
incides with the contact stress
¢ (I/2, ;). For the purposes of com-
parison we note that the extremal
value (for z;=1/2) has the averag-
ed stress oy, which is equal, for
2, = 1.2 to 6.6.108,

The results obtained imply
that the fundamental stresses of
the additional state are localiz-
ed near the zone of contact and

3
600

400

200

ﬁt\

Fig.3

are comparable with the shear strength of the averaged state, which can be determined with help

of the usual numerical schemes.
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